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Abstract. The present paper is concerned with the study of an internal penny shaped crack
problem in an infinite transversely isotropic piezoelectric layer. The crack is supposed to be

opened by an internal uniform pressure P, along its faces. The layer surfaces are assumed to

be acted upon by a uniformly applied line load of magnitude P acting along the
circumference of a circle of radius a(< b) .The applied load may be tensile or compressive

in nature. Furthermore, it is assumed that the line joining the centers  of the two line load
circles passes through the center of the penny shaped crack and is perpendicular to the plane
of the crack. Due to the assumed symmetries in material properties as well as the symmetry
in applied loadings the present problem can easily be modeled as a two dimensional
problem. Using Hankel transform technique the solution of the problem has been reduced to
the solution of two singular integral equations. The integral equations are solved numerically.
The stress-intensity factor and the crack opening displacements are determined and the
effects of piezoelectricity and anisotropy on them in both the cases are shown graphically.
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1. Introduction

In course of the study of various properties of solid materials, the
discovery of the piezoelectric effect has attracted the special attention of the
scientists. Piezoelectric effect was discovered by Jacques and Pierre Curie in
1880. It was found that during deformation of some crystals there was
generation of electric charges on their surfaces. The reverse effect was
observed in 1881 in which application of electric field on the boundary of
certain crystals generates stress and strain in those crystals. These materials
turn out to be very useful for their very special and unusual properties to
produce electrical energy through use of mechanical loadings. Piezoelectric
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materials, in particular, piezoelectric ceramics, have been widely used for
applications in various fields such as sensors, filters, ultrasonic generators,
actuators, laser, supersonics, microwave, navigation and biology. Piezoelectric
composite materials are also in use in hydrophone application and transducers
for medical imaging. Considering the huge applicability of these materials in
various fields, solid mechanics problems are being studied in solids with
piezoelectric properties.

The determination of the state of stress in medium under applied load
has been the subject of study in literature for many years. The study needs
special attention and care when the elastic body develops a crack in it.
Presence of a crack in a structure not only affects the stress distribution in it
but also drastically reduces the life span of the structure. Presence of a crack
in a solid also significantly changes its response to the applied load. Stress
distributions in the solid with a crack are studied in two regions: the region in
the neighborhood of crack, called the near field region and the region far away
from the crack, called the far field region. Study of stress distribution in the
near field region is very important because of the generation of stress of very
high magnitude at the crack boundary leading to possible spread of crack.
Stress intensity factor, crack energy etc. are some of the measurable quantities
used for checking possible crack expansion. For a solid with a crack in it
loaded mechanically or thermally [2, 4, 5, 8, 10, 11, 12, 17, 18] determination
of stress intensity factor (SIF) becomes a very important task in fracture
mechanics. SIF needs to be understood if we are to design fracture tolerant
materials used in bridges, buildings, aircraft, or even bells. Polishing just
won’t do if we detect crack. Crack problems in piezoelectric medium have
been studied in literature following classical theory. A comprehensive list of
work on crack problems in piezoelectric media done by earlier investigators
can be found in [1, 3, 6, 7, 13, 16, 19, 20, 21, 23, 24].

The present investigation aims at investigating an internal penny shaped
crack problem in an infinite transversely isotropic piezoelectric layer. The
crack faces are parallel to the layer surfaces and the layer surfaces are under
the action of compressive or tensile line loads applied along the circumference
of circle such that the line joining the centers of these circles is perpendicular
to the plane of the crack and passing to its centre. Hankel transform of
different orders are applied on the governing equations and boundary
conditions. Thereafter, using operator theory a general solution in terms of
three potential functions has been derived. These functions satisfy differential
equations of the second order and are quasi-harmonic functions. Making use
of these fundamental solutions, the crack problem in the aforesaid case is
investigated. The solution of the problem has been reduced to the solution of
Fredholm type integral equation of second kind which requires numerical
treatment. Numerical solution is obtained through the process of discretization
of the integrals, and based on the available parameter values, evaluation of
stresses, SIF etc are obtained. Finally, a discussion is made on the obtained
results presented graphically.
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2. Formulation of the problem

We consider an infinite elastic layer of thickness 2h weakened by an
internal penny shaped crack of radius b lying in the middle of the layer and
opened by a pressure p,on its faces (Fig.1). The material of the layer is
elastically transversely isotropic with piezoelectric properties. The layer
surfaces are subjected to circular line loads symmetrically applied with respect
to the center of the penny shaped crack. Let a(< b) be the radius of the circle
on which a load P is uniformly distributed, so that the load per unit length is

P . . . .
P The applied load may be tensile or compressive in nature acting
7a
perpendicularly to the layer surfaces. We shall use cylindrical coordinate
system (r,0,z) with origin at the centre of the crack and z-axis along the
normal to the free surface.

T Tensile line load

Compressive line t t t I z=h
load

Tensile line load
z=-h
Compressive line

load

ey
;

Fig.1. Geometry of the problem

We shall also make the following additional assumptions:

(i) There is no force of gravity

(i) The axis of symmetry of the transversely isotropic material is along the
z- axis

(1i1) The axis of polarization of the piezoelectric material coincides with the
7 - axis

(iv) Strains and displacements are small so as to apply linear theory

Because of assumed axisymmetry in elastic and piezoelectric properties
and the nature of the applied load, the displacement vector G = (u,,u,,u,) will

have its cross radial component u, =0 and all the physical quantities are
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independent of @ . The problem may thus be considered as a two dimensional
one in the r—z plane with 0<r<o and —h<z<h.
The mathematical formulation of the problem consists of

(A) Equilibrium equations:

Cuifu, + C44D2ur + (C13 + C44)D%+ (631 + 615)D% = 0,

C44£0uz + C33D2uz + (C13 + C44)Da£:;r] + 615£0¢ + 633D2¢ = 0, (1)

(es1 + e1s)D 65;1?]_'_ eisEol; + es3D*u, — enfodp — €33D*¢ = 0.)
where
92 19 k. . _ 2
d Ek —ﬁ +;a_r_2, k—O,l, D—az,
an
(B) The boundary conditions:
2 _(f(r), 0<r<b;
ar (12, 0)] = {0, b<r<o, @)
o2(r,0) =0,(0 <r < o), 3)
0. (r,h) = $%5(r—a), (0 <7 < ), 4)
072(r,0) = —po, (0 < r < b), (5)
orz(r,h) = 0,(0 < r < o00), (6)
D,(r,0) = 0,(|r| > b), (7)
®&(r,0)=0,(0 <r <b), (8)
®(r,h) = @, (r = 0), ©)
92D — o, (Ir] > b). (10)

or

The parameters C;; appearing in (1) are the elastic coefficients whereas e; and
€ are piezoelectric and dielectric constants respectively of the material. In
addition to the boundary conditions, the displacement components and the
potential function ¢ should satisfy the regularity condition u,,u, ¢ — 0
asVr? 4+ z2 — oo. Here f(r) is an unknown function and &(r) is the Dirac
delta function. In equation (4) positive sign indicates tensile force while
negative sign corresponds to compressive force.

2. Method of solution

Solution of the partial differential equations (1) requires application of
Hankel transform of different order. We shall follow the method adopted by
[7] in our solution process. For clarity in our method of solution it would be
better if briefly outline the first part of the method adopted by [7] here. We
shall use Hankel transform with respect to variable r to be denoted by ~, of
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the functions ur, uz, @ such that

[ee]

T 2) = f w(r, D) (rE)dr, (1)

0
(@& 2), B 2)} = f (, (r, 2), & (r, 2)}rfo(rE)dr (12)
0

where Joand J; are the Bessel functions of the first kind and of order zero or
one, respectively, and £ is the transform parameter.

Using properties of Hankel transformation we obtain

| 0
Aluy| = H (13)
) 0
where
—C118* + CuuD*> —&(C13 + Ca)D —&(e31 + e15)D
A= E(C13 + C44)D — C44EZ + C33D2 — 81562 + 633D2 (14)
é(es1 + e1s)D  —esé? + e3sD* €11&% — €33D?
It can be easily found that
|Al = —ao(D? — 23§%)(D? — 238%)(D? — 2582), (15)
where A?(i = 1,2,3) are the roots of the following cubic algebraic equation
Clo/l6 + b()/14 + C()/12 + do =0 (16)
with the coefficients defined by
ao = C4a(C33€33 + €33), )

bo = (e31 + e15)[2C13e33 — C33(e31 + €15)] + 2Ca4e33€31
—C11€53 — €11C33C44 — €33¢7,
co = 2e15[Cr1e33- C13(es1 + e1s5)] + Cased; + } 17)
€33C11Cas + €11C%,
do = —C11(Cas€11 + €Zs),
c? = C11C33 — C13(C13 + 2Caa). J

Using the operator theory, we obtain the general solution to the equations (1),
as
u/\r(f; Z) = Ailﬁ(fﬁ Z),
ﬂ;(f, Z) = AL'ZF(EJ Z)I (18)
¢(€I Z) = Ai3F(€' Z): R
Where A;; are the algebraic cominors of the matrix operator and F (¢,2) is the

zero order Hankel transform of the general solution F(r, z), satisfying the
equations

IAIF(,2) =0, } 19)

(D? + A2A) (D? + A2A)(D? + A2A)F (r,2) = 0.
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Here, A= ;—:2 + %% and D? = a%‘

Taking i = 3 and writing down the expression for As;, we obtain
U, (§,2) = (@D? + h1§*)EDF (£, 2),
U, (§,2) = —(azD* + b28?D* + c2§MF (¢, 2), (20)
@(¢,2) = (asD* + b38?D? + 3EMF (€, 2),

where

a1 = Cs3(es1 + e15) — (C13 + Cas)ess, by = Cize1s — Case3y,

az = Cuess, b, = (C13 + Cas)ess + Cizers — Ciiess, (21)
c2 = Crers, az = CasCs3,
by = Cf + 2C13C44- C11C33, c3 = C11Cas.

The inverse Hankel transforms to equation (20) yield
62
ur(rl Z) = _(alDZ - blA) aTaZF (rlz)r

u, (r,z) = —(azD* — b,AD? + c2AYF (1, 2), (22)
®(r,z) = (asD* — b3AD? + c3A*)F (1, 2).

Using the generalized Almansi’s theorem [22], the function F(r,z), which
satisfies equation (19),, can be expressed in terms of three quasi-harmonic

functions

Fi+ F; + zF3 for A1 # A, = /13_ (23)
Fi + zF, + ZZF3 forAs = A, = A3,

where F;(r, z) satisfies

{ Fi + F, + F3 for distinct A;
F =

(A +ﬁ) F(r,2)= 0, i = 1,2,3. (24)
As we shall see later that the roots of equation (16) are all distinct in our
considered problem, so we shall consider only first solution in equation (23).
Using

1 2
AF; = —ED F,;,
and summing in equations (22), we obtain

64Fi

u-(1,z) = —Zi3=1 Qi1 553"
64Fi

u(r,z) = - X1 a5, (25)
64Fi

o(r0) = Thiazo, )

The coefficients «;; are
]

_ bj
aij —aj +/1_%+E’
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where a;, b; and c; are defined by equations (21) and ¢; = 0. If we assumed
that
a3 1
aizgﬂ(ﬂ z) = _/—TiQDi(T; z),

then equations (25) can be further simplified to

29
ur(r,2) = T ek 52,
1 0¢;
uz(r' Z) = l$=1 ZE: (26)
ai3 09;
o(r.2) = —XL.325;0)
where
a;; 1 a; A2 + b, \
a- = —-——= B
U a2 apdf + byA? + ¢ @7
Qs AzAf +b3Af + 3 Ciz+Chy Ciq — Couhf
Qi3 > azl;-l- + bzllz + (8) €31 + €15 €31 + €15 i,
and for the quasi-harmonic function ¢;(r, z)
1 02
A +A_l2ﬁ (pi(T', z) = 0. (28)

The relationships between stress, displacement and electric potential for a
transversely isotropic piezoelectric medium, in the case of axial symmetry, are
-ur,r-
Ur
Orr Ci1 Ci12 0 0 Cy30€31]).,7
Tgo| |C1, C11 0 0 C130 €31

= Uz r | . 29
Ozz Ci3 C130 0 C330 €3], (29)
Ozr 0 0 CuaCssa0eis0 q,)
T
L ¢,
Substituting equations (26) into equations (29), we obtain
R r ia 0% @i
orr(1r,2) = — ?:1% 6242 —(Cy1 — Clz)uT: 022(1r,z) = ?:1% azﬁ ’
‘ ' 30)
R ouy ia 0%0; (
0e0(r,z) = _2i3=1% 6;; — (G — C12)air» 0-r(1,2) = ?zlal_;ar_(i'
where
_ e310440% + e15C11 Case31 — C13€15 31
e = €31 + €15 i + €31 + €15 (3D

The components of the electric field vector E, and E, are obtained from
relations
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¢ 7 a3 0’e; )

S or i=1/1_ia‘raz' (32)
E = —a—¢ = ’ %62(,0{
“ 0z i=1 Ai 0z%
The electric displacements are defined by equations
'u'r,r
Ur
u?
[Dr] _ [ 0 0 €s €s o €11 07,7 (33)
D,]“les; es3x 0 0 €33 0 €33 ui; '
E,
| E, |
In terms of ¢;,
3 02%2p:
Dr = z alsll (pl )
i=1 oro 34
3 q;50%¢ (34)
D, = Z —
i=1 A; 0z%’
where
€33€11 — €15€33 €31€11 — 61553311’2
o= - i - 35
%is €11 — €337 €11 — €337 H (35
It can be easily verified that:
Gauss’ law [16]
oD, D, 0D,
_r =0, 36
ar r 0z (36)
and equilibrium equations for stresses [14]
00,y + 00;, + Orr — 096 =0,
ar 0z r (37)
do,, 00, Tar _ 0
or 0z r '

are satisfied.

In the vacuum, constitutive equations (33) and governing equations

(36) become
D, = €,E,, D, = €yE,,
3¢ 109 %6 _ } (38)
or2  ror  0z2

where € is the electric permittivity of the vacuum.

For axially symmetric problems, the general solution of the differential

equation (28) may be written as
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(1, 2) = f [4:(©)e %2 + B,(§)eH¥] Jo (rE)dE, (39)
0

where A;(¢),B;(&),(i = 1,2,3) are arbitrary functions of the transform
parameter &, which are to be determined from the boundary conditions (2)-(10)
and A; are the roots of equation (16).

Using equations (39), (26) and (30) into the boundary conditions (2) — (10)
we obtain

> | 14® - BRI =), 0<r<on (40)
3
> auld® - Bi(O1=0, 0<r<o, (a1)

o

3
)2
ZlfL [Ai(f)e_lifh + Bi(g)elifh]fzjo(rf)d%— — _—FES(T . a)'
_ 0<r<o, (42

> S [ 14O + B0 )dE = —po, 07 <b, (43)
tJo

ais[4;(§)e 48 — B (§)edh] = 0, 0<7r< oo, (44)

M- i -

f s[4y (©) + By(©)EYo(rE)dE = 0, |r] > b, (45)
0

Il
[

i

3 (o]
> [ asla - B©lereods =0, o<r<b, (46)
i=1p
3 [ee)
> [ aslai©@e e - B©er e oeds = g0, r=0. @)
i=10
Z f aal=A(O) + BN GOAE =0, Irl > b. (48)
i=1p

On inverse Hankel transform, equations (40) and (42) become
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D@ -BOI =@, 0<r<o,

(49)

(50)

D

(52)

(53)

(54)
(55)
(56)
(57)

i=1
and
3
%[Ai(f)e—ﬂifh +Bi(©)eM] =R, 0<r< oo,
i=1 !
respectively, where
RO =¢ [ roneodr
1 - f o 1 )
and
R=F;-Jo(ag),
Taking derivative with respect to r, the equation (47) becomes
3
> aua@e i — Bi©ek =0, Ir] 20,

Equations (49), (41) and (44), (53) yield

A1(&) = x7(E)F1(&) + x8(§)A3(E) + x9(£)B3($),

B1(§) = x10(§)F1($) + x11(§)A3($) + x12($)B3($),

A2(&) = x13(E)F1(&) + x14(§)A3(E) + x15(E)B3(8),

B2(&) = x16(E)F1(&) + x17(£)A3(E) + x18(&)B3(§),
where

_ A4 _ a3q — A4 _ _ a14 _ A14 — A34
X A4 — Qg X2 A4 — Qg 3 A4 — Qg A A4 — Qy4
| T0340p3 T A33034 _ TQ314033 + A13034 . X1

Xs = X6 = ’X7(f)—m,

A14033 — A130724 A14033 — A13024

_XZ + Xse(l3_/11)€h

_ —(A1+43)éh
X2 — Xsé
B Xl _ XZ —_ Xse(ll_AS)gh
_ X2 + ysetrtia)in _ X3
X12(8) = 1 + e2Mih ;o x3(€) = 1 — e—222¢n’
_ X4 J— X6e_(12+)-3)€h _ _X4- + X6e(l3_)-2)fh
X14(§) = 1 — o276’ x15(§) = 1 — e—222¢h
~ P  Xa— Xée(ﬂz—/'ls)fh
X16(&) = T oot X17(§) = 1+ e2ih

)
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XlS(g) = —1+ ezlth
Equation (50) yields
B3($) = x22($)As3(§) + x23($F1(§) + x24($R, (58)
where
119(8) = 5 e (©e™ M 4 Sy (DM 4 22y, (e~ Hx6n

O ()R 4 21 oo
2 3

a a a
XZO({) = /—114 XQ(E)e_Algh + i)(12 (f)e’llfh =+ ﬂxls(f)e_ath
1

A Ay
+%X18(f)e'12€h +%e’135h,
Az A3
X21(§) = S xy (e MR 4 Sy, ()eith 4 Ly (et
1 1 2
+%X16(5)3225h;
2
__X19(€) __X21(€) _ 1
xa2(§) = X20(§)’ X23(4) = X20(§)’ x24(8) = X20(&)

Using equations (54) — (57) in equation (45) we get,

f [x25(6)A3(E) + x26(E)F1(8) + x27(E)RIEXo(rE)dE = 0, Ir] > b, (59)
0

where

X25(8) = Aass[xs(&) + xo()x22(E) + x11(§) + x12(§) x22(8)]
+ A2azs[x14() + x15()x22(§) + x17(E) + x18($)x22($)]

+ Azass[1 + x22($)],

x26(§) = hais[x7(§) + x9(E)x23(E) + x10() + x12(§)x23(§)]
+ A2a25[x13() + x15(x23(§) + x16(§) + x18($)x23(S)]
+ Azaszsx23($),

X27(§) = Aais[x9(§)x24(§) + x12(€) x24(§)] + A2az5[x15(E) x24(E)
+x18(§)x24(§)] + Azazsy24($).

Now we assume that

2 b
{x25(8)A3(E) + x26(E)F1(E) + x27(E)R}E = \/;f ¢1(x) cos(éx) dx. (60)
0
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Then equation (59) is automatically satisfied. Use of equations (54) — (57)
into (48) leads

f D2s(E)As(8) + 229 F1(E) + xs0©RIENGEOE =0, |r] > b, (61)
0

where

x28(8) = a1z[—xs() — x9(E)x22(&) + x11(E) + x12(E) x22(8)]
tazs[—x1a(§) — x15(E)x22(E) + x17() + x18(£) x22(8)]
+azs[—1 + x22(8)],

X29(&) = az[—x7(&) — xo(E) x23(E) + x10(&) + x12(§) x23(£)]
+azs[—x13(&) — x15(§) x23(&) + x16(E) + x18(E) x23()]
+asszx23($),

X30(§) = ais[—xo(§)x24(§) + x12(§)x24(§)] + azs[—x15($)x24($)

+ x18($) x24($)] + assx24($).
Now we assume that

2 (1
{x28(8)A3(E) + x20(E)F1(E) + x30(§)R}E = \/;J ;¢z(x) sin(§x) dx.  (62)
0

Then equation (61) is automatically satisfied. Solving equations (60) and
(62) we get

2 b
1) = B [~ [ 610 cos(ex) dx
0

2 (P1 _
() j; | 29:00smEn dx+ ps©R, (63)
0

and
2 b
Fi©) = Bu© [~ | 6160 cosex) dx
0
2 (P1 _
+650) 7| La(sin@0 dx + BUOR, (64)
where
_ X29(&)
Ai8) = {25 () x29(8) — x26(O)x28(E)}E’
_ X26(§)
p8) = {25 x29(8) — 26 () x28(8)}E”°
B3(€) = X26(E)x30(8) — x27(E) x20(E)
00T Qs Ox20 () — 226(Ox2(DY
Ba(€) = X28(&)

- 25 () x20(8) — x26(E)x28(E)}E”°
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- X25(§)
P = e ®) — e O DR
Be(€) = X27(E)x28(§) — X25(E)x30(£)

{25 () x20(8) — x26 () x28(E)}’
From equations (43), (54) — (57) we get

f [x31(6)A3(8) + x32(6)F1(8) + x33(E)R1Eo(ré)dé = —po,
0

0<r<b, (65)
where a
x31(8) = /1—114[)(8(5) + xo()x22(€) + x11(§) + x12(§)x22($)]
+i—2: [x1a(€) + x15(E)x22(8) + x17(&) + x18(E)x22(6)] + 62_334 [1+ x22(8)],

a
x32(8) = /1—114 x7(&) + x9(E)x23(¢) + x10(E) + x12()x23()]
n j— Ds(®) + 215225 + x16() + 116(Ex2a()] + j— 2258,

x33(8) = 3—114 Deo(E)x24(8) + x12(§) x24(8)]

A24 A3y
+A_2 Dx15(8)x24(8) + x18(E) x24()] + A—3X24(SE)-

Again equation (65) with the help of equations (63),(64) yields

b b e
.f &1 () k11(r, x)dx +f @2(x)k12(r, x)dx = —po —f x34(E)REo(ré)dE,
0 0 0

0<r<b, (66)

where

kia(r,x) = j G1(E)Eo(ré)cos (Ex)d,

0

[oe}

1
kia(rn) = [ L GOFTa(r)sin(En)ds,

0

2
G1($) =\E[f>’1(5))(31(€) + Ba($)xz2()]
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2
G2($) =\/;[ﬁz(§))(31(f) + Bs(Hxs2(9)],

X34(8) = B3(E)x31(8) + Be(E)x32(8) + x33(8)-

Now equation (66) can be written as

f e+ f bq§1(u)L1(u )du] = f1(r) 67)
o VT2 : ' '

which is an Abel type integral equation, where

oo b
F1() = po— f X34 (OREo(rE)d — j 2 () kra(rw)ds
0 0

(w0 =2 [ Hi©costweosnas, Hi©) = £26:0) - 1.

0
After some work we get the integral equation in @, as

b b
D1(x) + f ®1(u)L1(u, x)du +f ®y(w)L(u, x)du = —% — L3(u, x),
0 0

0 <x<b (68
where

Lo(u, x) = —% f " 6a©er 28 G ewyae,

0 u

2 [o9]
o) = = [ sa(RE? cos(6x) sin(G)ds.
0

Taking derivative of equation (46) with respect to r and using equations (63),
(64) we get

b b o0
j 3 (ks (r, ) lx + j 2 () kaa(r, ¥)dx = — j Xs(OREL(rE)dE,
0 0 0

0<r<b (69

where
() = [ G, rDeosEds, kan(r) = | 6O 0Dsin(eds
2
63(§) = j;[ﬁl(f)m(f) + B3]
2
6a(§) = ﬁ[ﬁz(é)%gs(f) + B3]
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x35(§) = as[xs(§) + xo(E)x22(8) — x11(&) — x12(E)x22(§)] + azs[x14($)
+x15(8)x22(§) — x17(§) — x18(&)x22(§)] + ass[1 — x22($)],

x36(8) = aws[x7(§) + xo(E)x23(§) — x10(§) — x12(x23(6)] + azs[x13(§)
+x15(8)x23(€) — x16(€) — x18(§)x23(E)] — aszx23($),

x37(§) = a1z[x9(§)x2a(&) — x12(E)x24(§)] + aaz[x15(§)x24($)
— x18(§)x24(§)] — assx24($),

x38(8) = B3(x3s(§) + Be(§)x3z6($) + x37(5).

Now equation (69) can be written as

r d b
fo \/Tzi—xz[%(x) +f0 ®(WLa(u, x)du] = fo(r), 0 <r <b,  (70)

which is an Abel type integral equation, where

b o)
F2) = —r j $1() ks (r ) dx — 7 j X3 (OREY, (rE) e,
0 0

co

2
L) == [ ZH,@sin(Esin(Eds, Ha(©) = 6§ — 1.
0

After some work we get the integral equation in @, as

b b
D,(x) +f ®1(u)Ls(u, x)du +f @, (u)La(u, x)du = —Lg(u, x),
0

0
0 <x<b (71)

® [gy&3
o= 2 6 @cosncos sz
0 2

® g, &3
Le(u, x) =f ’ ):f x38(E)RJ3(Ex)dé.
0 2

Before further,proceeFjing it will be convenient to introduce non-dimensional
variables u, x,and r by rescaling by length scale b:
! u ! x 4 r
=g, X'=p, 1= (72)
For notational convenience, we shall use only dimensionless variables and
shall ignore the dashes on the transformed non-dimensional variables and the
integral equations (68) and (71) become

where
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D1(x) + fl @1(u)L1(u, x)du + Jldbz(u)Lz(u, x)du = —1 + QL3(u, x),
0 0
0<x <1, (73

1 1
Dy (x) + f @1(uw)Ls(u, x)du + ] @ (u)Ls(u, x)du = —Lg(u, x),
0 0

0 <x<1, (74)
where Q is the load ratio defined as:
P

¢= 2mpob?
These equations determine functions @, and &,.

3. Determination of stress intensity factor

Presence of a crack in a solid significantly affects the stress distribution
compared to that when there is no crack. While the stress distribution in a
solid with a crack in the region far away from the crack is not much disturbed,
the stresses in the neighborhood  of the crack tip assumes a very high
magnitude. In order to predict whether the crack has a tendency to expand
further, the stress intensity factor (SIF), a quantity of physical interest, has
been defined in fracture mechanics. The load at which failure occurs is
referred to as the fracture strength. The stress intensity factor is defined as

k(b) = lirrll Vb(s —1)a,,(s,0),
S—
where
r= E( + s).

Use of the equations (66) and (5) and after some manipulation, the expression
for k(b) is obtained as

k) [2

— 5=, (75)

where @1(1) can be found out from the numerical solutions of the equations
(73) and (74). Following the method as in [9] we obtain the crack surface
displacement in the form

v(r,0) = Jrf(r)dr, (—b <r<b), (76)
-b

Taking the inversion of Hankel transform of equation (49) and using the
equation (64) into the equation (76), we can express the dimensionless normal
displacement as

v'(r',0) =j U Fl(f)fzh(r’s‘)df] dr’, (=1<r'<D. (77)

which can be obtained numerically, using Simpson’s g integration formula
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and the appropriate interpolation formula.
5. Numerical results and discussions

The present study shows how the presence of a crack in an anisotropic
piezoelectric layer under applied line load affects stress distribution and crack
surface displacement values and how the SIF is influenced by the anisotropic
and piezoelectric character of the medium and also by the position of the
applied load. Since these effects are not easily visible from our complex
theoretical expressions, we have numerically solved the relevant equations
based on the elastic and piezoelectric material parameter values for some
specific materials. In our numerical computation we have considered the
piezoelectric materials PZT-4 and PZT-5. The parameter values for PZT-4
[15] are

C11 = 1390, C33 = 1130, C = 256 10 - 2
Cio = 778, Cis = 743, fo<10%,in N/m?)
e1s = 13.44, e3 = —6.98, e33 = 13.84, (in C/m?
€11 = 60.00, €33 = 54.70, (x 10*%in C/Vm).
and those of PZT-5 [7] are
C11 = 12.60, (33 = 11.70, Css = 3.53 .
Ci2 = 550, Ci3 = 530, " fox10%,in N /m)
eis = 17.00, e3; = —6.50, e33 = 23.30, (in C/mz)
€11 = 151.00, €33 = 130.00, (x10'%in C/Vm).
Considering the piezoelectric material of the layer as PZT-4, the variation of
normalized stress intensity factor with b/h are shown in Figs. 2(a, b) for both
the cases of applied compressive and tensile line loadings.

K'(b)
K(b)

12 4 16

Q=0.0 - Q=0.25 =—0Q=0.00 ~B-0Q=0.25

11 ——Q=0.5 ——Q=0.75 “+4+—0Q=0.50 —#=0Q=0.75

14

12

0.9 A

0.8

b/h ' j _ ; . b/h

0 02 04 0.6 0.8 1
(a) (b)

Fig.2 (a) Variation of normalized stress-intensity factor k'(b) with b/h for various values of
Q in the case of compressive line load (a/b = 0.75). (b)Variation of normalized
stress-intensity factor k’(b) with b/h for various values of Q in the case of tensile
line load (a/b = 0.75).
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It is observed from Fig.2(a) that for compressive line loading the normalized
stress-intensity factor k’(b) decreases with the increase of the load ratio Q and
the increase of k’(b) is quite significant for smaller values of Q. It is also
observed from Fig.2(a) that the load ratio Q@ does not have much effect on the
stress intensity factor k'(b) for sufficiently small values of crack radius. Fig 2(b)
represents the variations of k'(b) with crack length under tensile nature of line
loading. Contrary to the previous case it is observed that k’(b) increases with
Q.For small crack radius, the behavior of k’(b) is similar to the case of
compressive line loading.

k() K'{b)
12 5 , 6
—+—a/b=0.0 a/b=0.50
—a/b=0.75 a/b=1.00 —+—3a/b=0.25 —8—2a/b=0.50
—i—2a/b=0.75 ——2a/b=1.00
1 N 14 //
%\“\x——‘ ]
P—
N =
08
Nz F
;
0.6 ' b/h 1 y b/h
0 02 0.4 08 08 1 0 02 04 06 08 1
a) (k)

Fig.3 (a) Variation of normalized stress-intensity factor k'(b)for different values
a/b in the case of compressive line load(Q = 0.5). (b) Variation of
normalized stress-intensity factor k'(b) for different values of a/b
in the case of tensile line load (@ = 0.5).
k'(b)

12 1kls(h)
—i—PZT-4 ——PIT-5
—+—PZT-4 —4—PLT-5
14 -
1
_———__"
//""--'-___-4
\\ 12 75‘/" = |
\% 1
0.6 I b/h 0.8 > b/h

0 0.2 04 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

@ (6)

Fig.4 (a) Variation of normalized stress-intensity factor k (b) with b/h for various ceramics
in the case of compressive line load (a/b = 0.75,Q = 0.75). (b) Variation of
normalized stress-intensity factor k (b) with b/h for various ceramics in the case
of tensile line load (a/b = 0.75,Q = 0.50).

Figs. 3(a, b) display the variations of normalized stress-intensity factor
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k'(b) for different line loading radius. It is noted that in the case of compressive
line loading, k'(b) increases with increasing %, but it decreases in the case of

tensile line loading. In Figs. 4(a, b) normalized stress intensity factor experiences
the effect of piezoelectric behavior under applied compressive and tensile line
loadings corresponding to load ratio values Q@ = 0.75 and Q = 0.50
respectively. The normalized SIF are similar in behavior in respect of variation of
crack radius but PZT-5 showing relatively smaller values.

Variations of normalized crack surface displacement v'(r,0) with % for

different values of load ratio Q are displayed in Figs 5(a, b). It is clear from Fig.
5(a) that crack surface displacement v'(r, 0) decreases as load ratio Q increases
for compressive loading, while for tensile loading the result is just the opposite.
As expected, symmetry in elastic and piezoelectric behavior together with
symmetry in applied loading yield crack surface displacement symmetrical with
respect to the center of the crack.

Vv'(r,0) v'(r,0)
0.0018

- F \

—+—Q=0.00 | =i=Q=0.15

0.0016

0.0012

0.0008

0.0006

4= 0Q=0.0 - Q=0.25

0.0004 Q=020
| 0.0003 i!
o [+

-1 -0.5 0 0.5 1 -1 -0.5 0 0.5

- r/b
1

(a) &)
Fig.5 (a) Variation of normalized crack surface displacement v'(r, 0) for various values of Q
in the case of compressive line load (a/b = 0.25,b/h = 0.75). (b) Variation of
normalized crack surface displacement v'(r,0) for various values of Q in the case

of tensile line load (a/b = 0.25,b/h = 0.75).

|
Vv'(r,0) virol
0.0018 3 ‘ - 0.0018
%\ 0.0015
0.0012 / N 0.0012
/

\ 0.0009 / \
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i |
—+—2/b=0.10 |——2/b=0.12 —+—2/b=0.25 +#-a/b=0.30
0.0003
3 —+—a/b=0.15 a —i—2/b=0.40

o T 3‘ r/b o [+ 20 r/b

1 -0.5 0 0.5 1 -1 -0.5 0 05 1
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Fig.6 (a) Variation of normalized crack surface displacement v'(r, 0) for various values of Q
in the case of compressive line load (Q = 0.5,b/h = 0.75).(b) Variation of
normalized crack surface displacement v'(r, 0) for various values of Q in the case
of tensile line load (Q = 0.20,b/h = 0.75).

135



ADVANCED MATH. MODELS & APPLICATIONS, V.2, N.2, 2017

Figs.6(a, b) illustrate the role of the radius of the applied loading circle on the
normalized crack surface displacement for particular values of %= 0.75 and
load ratio @ = 0.50 for compressive loading and Q = 0.20 for tensile loading.
It is observed in Fig 6(a) that for compressive loading the normalized
crack surface displacement increases with the increased values of % but behavior
is just the opposite (Fig. 6(b)) for tensile loading. The effects of piezoelectric
behavior on normalized crack surface displacement v (r,0) are shown in Figs.
7(a, b) taking %z 0.25, %z 0.75 and load ratio Q = 0.50 and Q = 0.20 for
compressive and tensile loadings respectively. As expected it is observed from

Figs. 5-7, that the normalized crack surface displacement v'(r,0) assumes its
maximum magnitude near the center of the crack.

v'(r,0) Vo)

0.0016 T T 0.0018
0.0015 .

0.0012 . . /
0.0012

0.0008 / \
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00004 0.0006 | ——PZT4 | ——PZT5
0.0003

* i T > r/b
1 05 0 05 1 ! 0 ! St :\. t/b

-1 -0.5 0 05 1

TN

(a)
(b)

Fig.7(a) Comparison of normalized crack surface displacement v'(r, 0) for various ceramics in the
case of compressive line load(Q = 0.50,% = 0.25,% = 0.75) (b) Comparison of

normalized crack surface displacement v'(r, 0) for various ceramics in the case of tensile
line load (Q = 0.20,a/b = 0.25,b/h = 0.75).
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Fig.8 (a) Variation of electric displacement Dz (r,0) with  for different values of Q for
compressive line load (a/b = 0.25,b/h = 0.75). (b) Variation of electric
displacement Dz (r,0) with r for different values of Q for tensile line load

(a/b = 0.25,b/h = 0.75).
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Figs. 8(a,b) display variation of electric displacement Dz (r,0) with r, taking
%z 0.25,%= 0.75 and different load ratio Q. Fig. 8(a) shows that electric
displacement Dz (r,0) increases in magnitude with increasing Q in the case of

compressive loading while the effect is just the opposite for tensile loadings
(Fig.8(b)). The variation of Dz (r,0) with different% and but fixed Q and %are
plotted in Figs 9(a, b). It is observed that for compressive loadings the electrical
displacement numerically increases with the increase of %values, while the effect
Is opposite in the case of tensile loadings.

-0.03103 T r
012 0.4 06 08 0.2 0.4 06 0.8 r

-0.03104 4 /
I I -0.12286
afb=0.25 / —a/b=0.25
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003108 -0.12296 7
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-0.0311 ?/

—-'""""
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D,ir0) D,ir.0)
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Fig.9 (a) Variation of electric displacement Dz(r,0) with 7 for different values of a/b for
compressive line load (Q = 0.35,b/h = 0.75)- (b) Variation of electric
displacement Dz(r,0) with r for different values of a/b for tensile line

load (Q = 0.50,b/h = 0.50).
6. Conclusion

The study investigates various aspects of the presence of a penny
shaped crack located in the middle of a loaded anisotropic piezoelectric
layer of finite thickness. It is observed that the applied line load can be
suitably adjusted in controlling crack expansion. The position of the
applied load, thickness of the layer with respect to the crack radius,
piezoelectric and anisotropic properties, all are shown to have significant
effects on every characteristic of a cracked medium.
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